We topologize these spaces of operators by any one of a family of topologies including the topology of pointwise convergence and the topology of compact convergence. We will show that if (X, y) is any measurable space and both A: X -» SC{E, F) and B: X -► S'iF, G) are Borelian, then the operator composition BA: X -» 2"{E, G) is also Borelian. Further, we will give several consequences of this result.
Introduction
A special case of the result discussed in the abstract was proved in [10] . The present setting is far more general. The motivation for [10] came from work on [3] and on a related longer paper [4] which is still in preparation. Briefly, these papers use the heuristic ideas of Feynman's operational calculus for noncommuting operators to develop perturbation series which may be applicable in a variety of settings. Products of strong operator measurable functions appear repeatedly in [3, 4] , and Theorem 5 of [10] (the main result) guarantees that these products are themselves strong operator measurable so that the power of the Bochner integral can be employed.
Similar questions involving perturbation series arose in earlier work on the Feynman integral, but there the strong operator measurability of the products could be argued without establishing a general theorem. One consequence, however, of [10] is that substantially shorter proofs of these theorems on the Feynman integral can now be given. References to the relevant earlier papers are provided in [10] and will not be repeated here.
The keys to [10] are (i) the concept of a Lusin /z-measurable function on X, where I is a Hausdorff topological space and p is a finite Radon measure on X, and (ii) the fact that 2A(H), under the strong operator topology, is a "Lusin space" [14, Theorem 7, ].
In the present paper, (i) plays no role; (X, 17) is an abstract measurable space. On the other hand, the more general results of this paper do depend in an essential way on an even fuller exploitation (using various results from [1] ) of the fact that the spaces of operators involved are Lusin spaces in any of the topologies under consideration. The books [5, 6, 15] are additional good references on these and related measure-theoretic matters.
The increased generality of our present paper permits further applications. We first mention two extensions of the earlier applications. (These will not be repeated in the main body of this paper.)
The presence of a separable Hilbert space H in [10] was motivated by [3, 4] which are directed primarily toward quantum models. Other physical problems, reaction-diffusion phenomena, for example, suggest the use of a variety of separable Banach spaces other than H. Although work on such extensions is just beginning, it already follows from the results of this paper that the products of operators which form the integrands of the perturbation series involved are measurable. Thus, one can at least get started.
The earlier work on the Feynman integral which involved perturbation series and which required proofs of strong operator measurability was primarily in the setting of the Hilbert space L2(R"). However, [11] involved LP(W) and IJ>'(W), where 1 < p < 2 and 1/p + l/p' = 1. The results of this paper yield the necessary measurability immediately and so shorten the proof of [11, Theorem 2.1, especially pp. 107-108].
We close this introduction by clarifying terminology which we sometimes use. Let (X, 7) be a measurable space, and let F be a topological space. We say that f: X -* Y is Borelian provided that the inverse image of every Borel set in Y is in 17. We reserve the term Borel measurable for the case where X is also a topological space, 7 is the Borel class of X, and / is Borelian.
The main result and some corollaries
The scalar field for all the vector spaces that we will consider can be either R or C, the real or complex numbers, respectively. Our primary concern at first will be with the topology of pointwise or simple convergence on the spaces of operators. The space ÉA(E, F), equipped with the topology of simple convergence, will be denoted 5AS(E ,F).
The proof of our main result depends on some facts about Lusin spaces. First, we review the following definitions. A simple fact which will be useful to us is that every Hausdorff topology which is weaker than a Lusin topology is also a Lusin topology. It is clear that every Polish space is Lusin, and every Lusin space is Souslin. Theorem 1 remains true if "Lusin" is replaced by "Souslin" throughout; in fact, these results are given in [1] for this larger class of spaces. Corollary 1 then holds as well for Z a Souslin space.
The assumption of continuity is essential in Theorem 1(C). The characteristics functions X{z} > z e Z ,are Borel measurable, and the family {X{zy : z e Z} is separating. However, if Z is not countable, we cannot extract a countable subfamily that is separating.
Given locally convex spaces E and F, we let 2AC(E, F) denote the space 5A(E, F) equipped with the topology of uniform convergence on compact subsets of E. with respect to 7 and the Borel o-field of 5A(E, G).
The topologies of (i) simple convergence, (ii) uniform convergence on compact sets, and (iii) uniform convergence on compact, convex, circled sets are all of importance in the study of operators on locally convex spaces [ 13] and are all allowable choices in Corollary 2. The topology of (iv) uniform convergence on compact sets having a countable cardinal number is another permissible choice.
It may not be immediately transparent that Theorem 2 includes Theorem 5 from [10] . We give a further corollary to clarify this point. Corollary 3. Let (X ,2A, p) be a finite, complete measure space, and let E be a separable Banach space. Finally, suppose that A, B: X -> A7(E) are both strong operator measurable in the sense of H Ule and Phillips (see [9, p. 72] or [10] ).
Then BA: X -> SA(E) is also strong operator measurable in the same sense. Proof. This result follows from Theorem 2 and the fact that if (X, AA?, p) is any finite, complete measure space and E is a separable Banach space, then strong operator measurability in the sense of Hille and Phillips is equivalent to A7 -3 §(5AS(E)) measurability. The Hilbert space case of the assertion just made is proved in Theorem 2 of [10] . The extension to a separable Banach space is rather straightforward and will be omitted. (For the reader who wishes to check the details, we remark that (i) part (a) of [12, Proposition p. 116 ] is done for a separable Banach space, and (ii) Theorem IV.22 [12, p. 116 ] is valid in that setting as noted on p. 119 of [12] .
Finally, (iii) the Hahn-Banach Theorem yields an appropriate replacement for the rank-one operator used in the proof of [10, Proposition 1]). D Corollary 3 clearly contains Theorem 5 from [10] as a very special case. Theorem 2 fills a gap in the literature, but its proof is not especially difficult when approached from the right direction. We have already found this result and its corollaries useful, and we suspect others will also. In further applications, it may sometimes be helpful to know additional properties of Lusin and Souslin spaces. We illustrate this by stating a final corollary which is easily proved using the following facts: ( is measurable with respect to 7 and the Borel cr-field on (SAl(Hx, H-f), || • ||,).
